THE CASIMIR OPERATOR OF A METRIC CONNECTION WITH 
SKEW-SYMMETRIC TORSION 
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Abstract. For any triple (M n , g,V) consisting of a Riemannian manifold and a 
metric connection with skew-symmetric torsion we introduce an elliptic, second order 
operator f2 acting on spinor fields. In case of a naturally reductive space and its 
canonical connection, our construction yields the Casimir operator of the isometry 
group. Several non- homogeneous geometries (Sasakian, nearly Kahler, cocalibrated 
G2-structures) admit unique connections with skew-symmetric torsion. We study the 
corresponding Casimir operator and compare its kernel with the space of V-parallel 
spinors. 



1. Introduction 

Consider a Riemannian manifold {M n , <?, V) equipped with a metric connection with 
skew-symmetric torsion T, and denote by (D 1 / 3 ) 2 the square of the Dirac operator 
corresponding to the connection with torsion form T/3. We introduce a second order 
differential operator f2 that differs from (D 1 / 3 ) 2 by a zero order term. This parameter 
shift has been already used by Bismut in the proof of the local index theorem for 
hermitian manifolds. Later, generalizing the well-known Parthasarathy formula for the 
square of the Dirac operator of a symmetric space, Kostant noticed a simple algebraic 
formula for some element in the tensor product of the universal enveloping algebra by 
the Clifford algebra of a naturally reductive space. The geometric interpretation of 
Kostant's "cubic Dirac operator" as a 1/3-parameter shifted Dirac operator for such 
a space endowed with its canonical connection as well as the formula for the square 
of any operator D s in the family have been discussed in the paper pQ. Our operator 
0, is constructed in such a way to coincide with the Casimir operator of the naturally 
reductive space in the homogenous situation, hence motivating its name. The integral 
formulas for (L) 1 / 3 ) 2 are then used in order to study the new operator Q, in greater 
detail. In general, the kernel of the operator 0, contains all V-parallel spinors. If the 
torsion form T is V-parallel, the formula for £1 simplifies to 

Q = mV3)2 _ 1 (2 Seal 9 + ||T|| 2 ) , 
16 

and the operators f2 and (D 1 / 3 ) 2 commute with the action of the torsion form on 
spinors. Triples (M n , g,V) occur in the study of non integrable special Riemannian 
manifolds in a natural way. For example, any Sasakian manifold in odd dimensions, 
any hermitian manifold with skew-symmetric Nijenhuis tensor in even dimensions, any 
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cocalibrated G2-manifold in dimension seven and any Spin(7)-manifold in dimension 
eight admit a unique metric connection with skew-symmetric torsion and preserving the 
additional geometric structure (see JHj and |Hj ) ■ The torsion forms of these connections 
are models for the -B-field in the string equations and their parallel spinor fields are the 
supersymmetries of the models. From the mathematical point of view, the basic role 
of these connections is closely related to the fact that many of the geometric data of 
the non integrable geometric structure can be read of its unique torsion form. 

We study the Casimir operator of a Riemannian manifold equipped with a metric con- 
nection. In particular, we compare its kernel with the space of V-parallel or with the 
space of Riemannian Killing spinors. The low dimensions are specially interesting. 
Therefor we investigate Sasakian manifolds in dimension five, nearly Kahler manifolds 
in dimension six, and cocalibrated G2-manifolds in dimension seven in detail. In case 
that a non integrable geometric structure admits a transitive automorphism group and 
the space is naturally reductive, its unique geometric connection coincides with the 
canonical connection of the reductive space. Henceforth, our geometric Casimir opera- 
tor is the group-theoretical Casimir operator acting on spinors and we can study some 
of its properties in a purely geometric way, for example through vanishing theorems. 

2. An overview of Schrodinger-Lichnerowicz type formulas for Dirac 

operators 

Consider a Riemannian spin manifold (M n , g, T) with a 3-form T. Then we may define 
a metric connection with torsion T by the formula 

V X Y := V 9 X Y + ~T(X,Y,-), 

where we denoted by V 9 the Levi-Civita connection of M . The connection V can be 
lifted to a connection on the spinor bundle S of M, where it takes the expression 

VxV := + ~(XjT)-^. 

We shall write D for the Dirac operator associated with the connection V, and D 9 for 
the classical Riemannian Dirac operator, the two being related by D = D 9 + (3/4)T. 
In this section, we review the known Weitzenbock formulas for the square of D and its 
relatives which will be needed in all subsequent sections. First, let us introduce the 
first order differential operator 

n n 

Vip : = ^(e fc JT)-V efc V = P 9 V + -^( e fc jT )-( e fc jT )-V>, 

k=l k=l 

where e%, . . . , e n denotes an orthonormal basis and T> 9 the part of the operator T> coming 
from the Levi-Civita connection. It will be convenient to introduce a 4-form derived 
from T, 

1 ™ 

(tt := -^jT)A(e t jT). 
k=l 

By (21 Prop. 6.1], o"t is linked to the square of T inside the Clifford algebra by T 2 = 
-2o- T + ||T|| 2 . On spinors, the difference between the endomorphisms or and (T> — T> 9 ) 
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is given by the formula 

n 

Qe t JT).(e fc jT) = 2a T - 3||T" 2 

k=l 



Theorem 2.1 (jTOJ Thm 3.1, 3.3]). Let (M n ,g,X7) be an n- dimensional Riemannian 
manifold with a metric connection V of skew- symmetric torsion T. Then, the square 
of the Dirac operator D associated with V acts on an arbitrary spinor field ip as 

(1) D 2 i/> = A T (V>) + ^tfT-V - g ct t • $ + ^ST-tp - Vip + - Seal • if), 
where At is the spinor Laplacian o/V, 

n 

a t (V0 = (v)*W = -^v efc v efc v + v vfi6 ^, 

k=l 

and Seal is the scalar curvature of the connection V. It is related to the Riemannian 
scalar cuvature Seal 9 by Seal = Seal 9 — (3/2)||T|| 2 . Furthermore, the anti- commutator 
of D and T is 

(2) DoT+ToD = dT + 5T - 2a T -2V. 

This formula for D 2 has the disadvantage of still containing a first order differential 
operator. By shifting the parameter in the torsion of the connection V, we can state a 
more useful Schrodinger-Lichnerowicz type formula. It links the Dirac operator D 1 / 3 = 
D 9 + T/4 of the connection with torsion T/3 and the Laplacian of the connection with 
torsion T. The remainder is a zero order operator. Details on this parameter shift and 
its history are given in 

Theorem 2.2 ([2J Thm 6.2]). The spinor Laplacian At and the square of the Dirac 
operator D 1//3 are related by 

(D 1 / 3 ) 2 = A T + 7 dT + - Seal 9 - - | |T| | 2 . 
v 4 4 8 

Integrating the latter formula on a compact manifold M n , we obtain 

/ WD^f = [ [||VV|| 2 + ^T.^> + jScal 9 ||V>|| 2 -i||T|| 2 

Finally, we state the Kostant-Parthasarathy formula for (D 1 / 3 ) 2 in the homogeneous 
case, as it is the main motivation for what follows. 

Theorem 2.3 Thm 3.3]). Let M = G/H be a naturally reductive homogeneous 
space, and q = f) + m. Then its canonical connection V has skew-symmetric torsion 
T(X,Y,Z) = -g([X,Y] m ,Z) (X,Y,Z G m), T is V -parallel and D 1 / 3 satisfies the 
identity 

(D 1 / 3 ) 2 = ^ S + -Scalf + — ||T|| 2 , 
where £l s denotes the Casimir operator of q. 

Typically, the canonical connection of a naturally reductive homogeneous space M 
can be given an alternative geometric characterization — for example, as the unique 
metric connection with skew-symmetric torsion preserving a given G-structure (see 
or JOj for examples and details). Once this is done, D 1//3 , Seal 9 and ||T|| 2 are 
geometrically invariant objects, whereas O still heavily relies on the concrete realization 
of the homogeneous space M as a quotient. At the same time, the same interesting 
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G-structures exist on many non-homogeneous manifolds. Hence it was our goal to find 
a tool similar to £l s which has more intrinsic geometric meaning and which can be used 
in both situations just described. 

3. The Casimir operator of a triple (M n ,g, V) 

We consider a Riemannian spin manifold {M n , <?, V) with a metric connection V and 
skew-symmetric torsion T. Denote by At the spinor Laplacian of the connection. 
Definition 3.1. The Casimir operator of the triple (M n ,g, V) is the differential oper- 
ator acting on spinor fields by 

n .= (£1/3)2 + l (rfr _ 2ut) + lj (T) _ l gcal3 _ J_ || X ||2 
8 4 » lb 

= A T + \{3dT - 2a T + 2<5(T) + Seal). 
8 

Remark 3.1. A naturally reductive space M n = G/H endowed with its canonical 
connection satisfies dT = 2cjt and <5T = 0, hence = £l g by Theorem 12.31 For 
connections with dT ^ 2<tt and ST ^ 0, the numerical factors are chosen in such a way 
to yield an overall expression proportional to the scalar part of the right hand side of 
equation 

Example 3.1. For the Levi-Civita connection (T = 0) of an arbitrary Riemannian 
manifold, we obtain 

n = (D 9 ) 2 - - Seal 9 = A g + - Seal 9 . 

8 8 

The second equality is just the classical Schrodinger-Lichnerowicz formula for the Rie- 
mannian Dirac operator, whereas the first one is — in case of a symmetric space — the 
classical Parthasarathy formula. 

Example 3.2. Consider a 3-dimensional manifold of constant scalar curvature, a con- 
stant a£l and the 3- form T = 2 a cfM 3 . Then 

Q = (D 9 ) 2 - aD 9 - - Seal 9 . 
V ; 8 

The kernel of the Casimir operator corresponds to eigenvalues A G Spec(D 9 ) of the 
Riemannian Dirac operator such that 

8 (A 2 - a A) - Seal 9 = . 

In particular, the kernel of 17 is in general larger then the space of V-parallel spinors. 
Indeed, such spinors exist only on space forms. More generally, fix a real- valued smooth 
function / and consider the 3- form T := / • dM 3 . If there exists a V-parallel spinor 

V 9 x ip + (X J T) • V = V^V + f-X-ip = , 

then, by a theorem of A. Lichnerowicz (see HH1)) / is constant and (M 3 ,g) is a space 
form. 

Let us collect some elementary properties of the Casimir operator of a triple (M n ,g, V). 
Proposition 3.1. The kernel of the Casimir operator contains all V-parallel spinor. 

Proof. By Theorem 12. 1| one of the integrability conditions for a V-parallel spinor field 

ip is 

(3dT - 2a T + 2«J(T) + Seal) • ip = 0. □ 
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If the torsion form T is V-parallel, the formulas for the Casimir operator simplify. 
Indeed, in this case we have (see [TU] ) 

dT = 2a T , 5(T) = 0, 

and the Ricci tensor Ric of V is symmetric. Using the formulas of Section [21 (in 
particular, Theorems 12.11 and I2.2j) . we obtain a simpler expressions for the Casimir 
operator. 

Proposition 3.2. The Casimir operator of a triple (M n ,g, V) with VT = can equiv- 
alently be written as: 

= m 1 /3)2 _ J_ (2ScaF + IITII 2 ) = A T + — (2 Seal 9 + IITII 2 ) — - T 2 

= A T + - (2 dT + Seal) . 
8 

Integrating these formulas, we obtain a vanishing theorem for the kernel of the Casimir 
operator. 

Proposition 3.3. Let (M n , g,V) be a compact triple such that the torsion form is 
V-parallel. If one of the conditions 

2Scal 9 < -||T|| 2 or 2Scal 9 > 4T 2 - ||T|| 2 , 

holds, the Casimir operator is non-negative in h 2 (S). 

Example 3.3. For a naturally reductive space M = G/H, the first condition can never 
hold, since a representation theoretic argument Lemma 3.6] shows that 2 Scal 9 +| |T| | 2 
is strictly positive. In concrete examples, the second condition typically singles out 
the normal homogeneous metrics among the naturally reductive ones. Notice a small 
mistake in Lemma 3.5 of in general, the fact that the negative definite contribution 
of the scalar product comes from an abelian summand in q is not enough to conclude 
that f2 g is non-negative. 

Two further consequences of Proposition 13.21 are: 

Proposition 3.4. If the torsion form is V-parallel, the Casimir operator Q and the 
square of the Dirac operator (D 1 / 3 ) 2 commute with the endomorphism T, 

fioT = ToH, (D^foT = To(I) 1 / 3 ) 2 . 

The endomorphism T acts on the spinor bundle as a symmetric endomorphism with 
constant eigenvalues. 

Theorem 3.1. Let (M n , g,V) be a compact Riemannian spin manifold equipped with 
a metric connection V with parallel, skew- symmetric torsion, VT = 0. The endomor- 
phism T and the Riemannian Dirac operator D 9 act in the kernel of the Dirac operator 
D 1 / 3 . In particular, if, for all [i € Spec(T), the number — is not an eigenvalue of 
the Riemannian Dirac operator, then the kernel of D 1 ^ is trivial. 

Proof. On a compact manifold, the kernels of D 1 / 3 and (L* 1 / 3 ) 2 coincide. □ 

If ij) belongs to the kernel of D 1//3 and is an eigenspinor of the endomorphism T, we 
have 4 • D 9 ip = — fi • ip , fj, E Spec(T). Using the estimate of the eigenvalues of the 
Riemannian Dirac operator (see [S]) we obtain an upper bound for the minimum Scal^^ 
Riemannian scalar curvature in case that the kernel of the operator Z) 1 / 3 is non trivial. 
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Proposition 3.5. Let (M n ,g, V) be a compact Riemannian spin manifold equipped 
with a metric connection V with parallel, skew- symmetric torsion, VT = 0. If the 
kernel of the Dirac operator D 1 / 3 is non trivial, then the minimum of the Riemannian 
scalar curvature is bounded by 

max{/j 2 : fx G Spec(T)} > Scal^ in . 

Remark 3.2. If (n — 1) fi 2 = An Seal 3 is in the spectrum of T and there exists a spinor 
field ip in the kernel of D 1//3 such that T • ijj = \i ■ t/j, then we are in the limiting case 
of the inequality in 8 . Consequently, M n is an Einstein manifold of non- negative 
Riemannian scalar curvature and ip is a Riemannian Killing spinor, 

V 9 x ip - -r- • X ■ ip = . 

x An 

Examples of this type are 7-dimensional 3-Sasakian manifolds. The possible torsion 
form has been discussed in |2j, Section 9. 

4. The Casimir operator of a 5-dimensional Sasakian manifold 

Let (M 5 , g, £, r/, y?) be a compact 5-dimensional Sasakian spin manifold (with a fixed 
spin structure) and denote by V its unique connection with skew-symmetric torsion and 
preserving the contact structure. We orient M 5 by the condition that the differential 
of the contact form is given by drj = 2(e± A e 2 + e 3 A e^), and write henceforth e^... for 
ej A ej A . . . . Then we have (see ^U] ) 

VT = 0, T = nAdn = 2 (e 12 + e 34 ) A e 5 , T 2 = 8 - 8ei 23 4 

and 

n = (D 1 / 3 ) 2 - I Scal^ _ ;L = a t + ± ScaF - | + 2e 1234 . 

We study the kernel of the Dirac operator D 1 / 3 . The endomorphism T acts in the 
5-dimensional spin representation with eigenvalues (—4, 0, 0, 4) and, according to The- 
orem we have to distinguish two cases. If D 1 / 3 ^ = and T • i[> = 0, the spinor field 
is harmonic and the formulas of Proposition 13 . 21 yield in the compact case the condition 

/ (2 Scal» + 8 ) ||^||2 < 

Examples of that type are the 5-dimensional Heisenberg group with its left invariant 
Sasakian structure or certain 5 1 -bundles over a flat torus. On these spaces, there exist 
V-parallel spinors tpo satisfying the algebraic equation T • ipo = (see ^0] , |II] ) • Their 
scalar curvature equals Seal 9 = —4. Let us describe the 5-dimensional Heisenberg 
group. Its Sasakian structure is given on M 5 with coordinates (x±, x 2 , yi, y 2 > z ) by the 
1-forms 

e 1 := ^dxi, e 2 := -zdyi, e 3 := ^ dx 2 , e 4 := ^dy 2 , 

es = f] ■= ^ ( dz ~ 2/1 " dx i ~ 2/2 • dx 2 ) . 
The space of all V-parallel spinors satisfying T • tpQ = is a 2-dimensional subspace 
of the kernel of the operator D 1 / 3 . In a left-invariant frame of M 5 , spinors are simply 
functions ip : M 5 — > A5 with values in the 5-dimensional spin representation. It turns 
out that the spinors Vo are constant. Consequently, for any discrete subgroup T of 
the Heisenberg group, the manifold M 5 /T equipped with its trivial spin structure is 
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a Sasakian manifold admitting spinors in Ker(Z) 1 / 3 ). The second case for spinors in 
the kernel is given by _D 1//3 -0 = and T • -0 = ±4ip. The spinor field is an eigenspinor 
for the Riemannian Dirac operator, D 9r ip = =F0. The formulas of Proposition 13.21 and 
Proposition 13.51 yield in the compact case two conditions: 

/ (Seal 5 - 12)||0;|| 2 < and 5Scal^ in < 16. 
Jm 5 

The paper ^3] contains a construction of Sasakian manifolds admitting a spinor field 
of that algebraic type in the kernel of D 1 / 3 . We describe the construction explicitely. 
Suppose that the Riemannian Ricci tensor Ric 9 of a simply-connected, 5-dimensional 
Sasakian manifold is given by the formula 

Ric 9 = —2-g + Q-rj^rj. 

Its scalar curvature equals Seal 9 = — 4. In the simply-connected and compact case, 
they are total spaces of S l principal bundles over 4-dimensional Calabi-Yau orbifolds 
(see There exist (see |15j . Theorem 6.3) two spinor fields 0i, 02 such that 

V^Vi = -\x-ih + -tK^K •</>!, T-Vi = -40i, 

V 9 x ifo = \x-^ 2 - lri(X)'Z-ih, T-0 2 = 40> 2 . 

In particular, we obtain 

D 9 ipi = ipi , T • 0i = -4-0i, and _D 9 2 = -02, T • 2 = 40> 2 , 

and therefore the spinor fields 0i and 02 belong to the kernel of the operator D 1 / 3 . 

Next, we investigate the kernel of the Casimir operator. Under the action of the torsion 
form, the spinor bundle S splits into three subbundles S = So © S4 © S_4 corresponding 
to the eigenvalues of T. Since VT = 0, the connection V preserves the splitting. The 
endomorphism ei234 acts by the formulas 

ei234 = 1 on So , ei 2 34 = — 1 on S4 © S_4. 

Consequently, the formula 

ft = A T + - Seal 9 - - + 2ei 23 4 

o Z 

shows that the Casimir operator splits into the sum Q = Oq © ^4 © ^-4 °f three 
operators acting on sections in So, S4 and S_4. On So, we have 

fto = A T + ^Scal 9 + \ = (D 1 / 3 ) 2 - i Seal 9 - \. 

In particular, the kernel of f^o is trivial if Seal 9 7^ —4. The Casimir operator on S4©S_4 
is given by 

fi ±4 = A T + - Seal 9 - - = (D 1 ^ 3 ) 2 - - Seal 9 - - 
8 2 8 2 

and a non trivial kernel can only occur if —4 < Seal 9 < 28. A spinor field in the 
kernel of the Casimir operator f2 satisfies the equations 

(D 1/3 ) 2 -^ = -(4 + Scal 9 )0, T-0 = ±40. 
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In particular, we obtain 

/ <(Z^±1) 2 V,V> = I f (4 + ScaP)|H| 2 , 
and the first eigenvalue of the operator (D 9 ± l) 2 is bounded by the scalar curvature, 

AiP 9 ±l) 2 < ^(4 + Sc< ax ). 

Let us consider special classes of Sasakian manifolds. A first case is Seal 9 = — 4. Then 
the formula for the Casimir operator simplifies, 

Q = A T = {D 1 ' 3 ) 2 , ±4 = A T - 4 = {D 1 ' 3 ) 2 . 

If M 5 is compact, the kernel of the operator f^o coincides with the space of V-parallel 
spinors in the bundle So- A spinor field if) in the kernel the operator £l±4 is an eigen- 
spinor of the Riemannian Dirac operator, 

D 9 {ip) = =FV, T--0 = ±4-0. 

Compact Sasakian manifolds admitting spinor fields in the kernel of £Iq are quotients 
of the 5-dimensional Heisenberg group (see Theorem 4.1). Moreover, the 5- 

dimensional Heisenberg group and its compact quotients admit spinor fields in the 
kernel of fi±4, too. Indeed, the non trivial connection forms of the Levi-Civita connec- 
tion are 

^12 = e 5 = ^34, wis = e 2 , w 2 5 = - e 2 , w 35 = e 4 , w 45 = -e 2 , 
and a computation of the Riemannian Dirac operator yields the formula 
5 5 
D 9 (ip) = ^2 e k ■ e k (ip) on S , D g (ip) = ^ e k ■ e k {ip) =F ^ on S ±4 . 
fc=i fc=i 

Spinors in the kernel of J7±4 occur on Sasakian ^-Einstein manifolds of type Ric 9 = 
— 2-g + 6 • r] 77, too. This example has been discussed above. 

A second case is Seal 9 = 28. Then 

Q = A T + 4 = (D 1 / 3 ) 2 - 4, Q± 4 = A T = (£> 1/3 ) 2 - 4. 

The kernel of flo is trivial and the kernel of 0±4 coincides with the space of V-parallel 
spinors in the bundle S±4. Sasakian manifolds admitting spinor fields of that type have 
been described in |1U| . Theorem 7.3 and Example 7.4. 

If — 4 < Seal 9 < 28, the kernel of the operator £Iq is trivial and the kernel of J7±4 
depends on the geometry of the Sasakian structure. Let us discuss Einstein-Sasakian 
manifolds. Their scalar curvature equals Seal 9 = 20 and the Casimir operators are 

Q = A T + 3, fi ±4 = A T - 1 = (£> 1/3 ) 2 - 3 . 
If M 5 is simply-connected, there exist two Riemannian Killing spinors (see |15| ) 

V^Vi = D 9 ^) = T-Vi = 4^1, 

V 9 x ih = ~\x^2, D 9 {^ 2 ) = T-V 2 = -4^2- 
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We compute the Casimir operator 

In particular, the Casimir operator of a Einstein-Sasakian manifold has negative eigen- 
values. The Riemannian Killing spinors are parallel sections in the bundles S±4 with 
respect to the flat connections V ± 

:= V^-^X-V in S 4 , ■= + \ X ' 4> in S -4- 

We compare these connections with our canonical connection V: 



V 



Vx) • r 



^ E S ±4 • 



The latter equation means that the bundle S4 © S_ 4 equipped with the connection V 
is equivalent to the 2-dimensional trivial bundle with the connection form 



A 



2 V ' 



-1 
1 



The curvature of V on these bundles is given by the formula 



7v 



dr\ 



-1 
1 



i (ei A e 2 + e 3 A e 4 ) 



1 
-1 



Since the divergence div(£) = of the Killing vector field vanishes, the Casimir operator 
on S4 © S_4 is the following operator acting on pairs of functions: 



rj 4 © f2_ 4 = A T - 1 



A- i + 



-% 
i 



Here A means the usual Laplacian of M 5 acting on functions and £ is the differentiation 
in direction of the vector field £. In particular, the kernel of f2 coincides with solutions 
/ : M 5 — > C of the equation 



A(/)- i /±^(/) = 0. 

The L 2 -symmetric differential operators A and i £ commute. Therefore, we can diago- 
nalize them simultaneously. The latter equation is solvable if and only if there exists a 
common eigenfunction 



A(/) = m/> W) = A/, 4(m + A) - 3 



0. 



The Laplacian A is the sum of the non-negative horizontal Laplacian and the operator 
(i£) 2 . Now, the conditions 

A 2 < fi , 4 (p + A) - 3 = 

restrict the eigenvalue of the Laplacian, < fj, < 3. On the other side, by the 
Lichnerowicz-Obata Theorem (see (Hj) we have 5 < fi, a contradiction. In particu- 
lar, we proved 

Theorem 4.1. The Casimir operator of a compact 5- dimensional S as akian- Einstein 
manifold has trivial kernel. 
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The same argument estimates the eigenvalues of the Casimir operator. It turns out 
that the smallest eigenvalues of £1 is negative and equals —3/4. The eigenspinors are 
the Riemannian Killing spinors. The next eigenvalue of the Casimir operator is at least 

17 

A 2 (fi) > -j - VE ps 2.014. 



5. An explicit example: The 5-dimensional Stiefel manifold 



The 5-dimensional Stiefel manifold = SO(4)/SO(2) admits a homogeneous Einstein- 
Sasakian metric. This metric can be constructed via the Kaluza-Klein approach, ob- 
serving that V^2 is a principal SO(2)-bundle over the 4-dimensional Einstein-Kahler 
manifold of all oriented 2-planes in R 4 . As a homogeneous space, the geometry 
and the Dirac operator of have been described in :8j. We will use these formulas in 
our computation, with a slight change in normalization: we set the scalar curvature of a 
5-dimensional Einstein-Sasakian manifold equal to 20, whereas the metric as described 
in the latter paper has scalar curvature 20/3. The manifold can be discussed as 
a naturally reductive space by writing it as SO(4) x SO(2)/SO(2) x SO(2), and its 
canonical connection does then coincide with the unique metric connection V with 
skew-symmetric torsion preserving the Sasakian structure as discussed in the previous 
section (see also (J). In this discussion, we concentrate on its contact structure and 
show that many properties can be derived from it alone. In order to fix the notation, let 
Eij be the standard basis of the Lie algebra so (4). The subalgebra so (2) is generated 
by the matrix £"34 and 

3 

X\ := \/3-Ei3) %2 '■= V3Ei4, X% := V3E23, X4 : = a/3 E24, £ = A5 := - Eu 

constitute an orthonormal basis defining the metric of V^- The formula for the Rie- 
mannian Dirac operator has been computed in [S]: 



D*(rf>) = V3j2 X i' X ^) + Sty) , S 



i=l 



5i 
~2 







1 

0-10 



Using the commutator relations for [Xi, Xj] as well as the matrix of the endomorphism 
T = T) A drj, we compute the square of the operator D 1 / 3 , 

5 

(D 1 / 3 ) 2 ^) = -3j2 X iW + Mx • V + M 2 • £34 (VO + M 3 ■ X s (,/>). 
i=i 



Here the matrices M\ , M 2 and M3 are given by 



Mi 





" 













" 1 








" 
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, M 2 := 6i 





-1 













4 








1 



























1 

















M3 









1 



According to the lift of the isotropy representation into the spin module (see jH]), a 
spinor field is a triple ip = (ifi+, ip-, ip*) of maps ip± : SO (4) — > C and V>* : SO (4) — > C 2 
such that E34 L (ip±) = ±iip± and £"34 (ip*) = 0. The map "0* is a section in the bundle 
S4 © S_4 and (V'+,V ; -) are sections in So- Specially over V4 j2 the latter bundle splits 
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into the sum of two line bundles. The Casimir operator = f2o®^4®^-4 is equivalent 
to the operators 

5 5 

n = - 3 ^ Xl + 3 , ft 4 © H-4 = - 3 X l ~ 4 ± V3* • ^5 

a=l o=l 

acting on functions / : SO(4) — > C satisfying the quasi-periodicity conditions E^(f) = 
±if and E-^f) = 0, respectively. 

6. The Casimir operator of 6-dimensional nearly Kahler manifolds 

Let (M 6 ,<7, J) be a 6-dimensional nearly Kahler manifold. Then M 6 is an Einstein 
manifold of positive scalar curvature, 

Ric^ = -ag, Seal 9 = 15a > 0. 
2 

The Nijenhuis tensor N does not vanish. There exists a unique connection V with 
skew-symmetric torsion T. This connection is Gray's characteristic connection (see 
[T6] ) and its geometric data are given by 

VT = 0, 4T = N, Ric = 2ag. 

Moreover, we have 

2<7 T = dT = a(uAuj) = 2a(ei 2 34 + e 12 56 + e 34 56), ||T|| 2 = 2a, 

where to denotes the fundamental form of the nearly Kahler structure. A general refer- 
ence for all these formulas is the paper ^U] . We compute the symmetric endomorphism 
dT in the spinor bundle : 

2dT + Seal = 16a-diag(0, 0, 1, 1, 1, 1, 1, 1). 

Consequently, the Casimir operator 

n = A T + -(2dT + Seal) = (L> 1/3 ) 2 - 2a 
8 

is non-negative. Its kernel coincides with the two-dimensional space of all V-parallel 
spinors. These spinor fields are the Riemannian Killing spinors on M 6 . The Dirac 
operator (Z) 1 / 3 ) 2 is bounded from below by 

mV3)2 > A Seal 9 > 0. 
15 

7. The Casimir operator of 7-dimensional G2-manifolds 

Let (M 7 ,g,u; 3 ) be a 7-dimensional cocalibrated G2-manifold (d*iij 3 = 0) such that the 
scalar product (du; 3 ,*a; 3 ) is constant. There exists a unique connection V preserving 
the G2-structure with skew-symmetric torsion 

T = - *dtu 3 + - (dcu 3 ,*uj 3 ) -cj 3 , <5(T) = 0. 
6 

The Riemannian scalar curvature is given by the formula 

ScaF = — {dio 3 ,*cu 3 ) 2 - -||T|| 2 = 2(T,w 3 ) 2 - -||T|| 2 . 
18 2 2 

Moreover, there exists a parallel spinor field V>o such that 

VV>o = 0, T-^o = -^(aW 3 ,^ 3 )-^. 

b 
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A general reference for these facts are the papers |10j and |12j . The Casimir operator 
is given by the formula 

n = (£1/3)2 _ 1 (T)W 3 )2 + I ( dT - 2<7 T ) 
4 8 

= A T + 7(T,u; 3 ) 2 + i(3dT - 2a T - 2||T|| 2 ). 
4 8 

There are two special types of cocalibrated G2-structures. A nearly parallel G2-manifold 
is characterized by the equation oL> 3 = — a (*w 3 ). The paper ^1] contains examples of 
compact nearly parallel G2-manifolds and their relation to Riemannian Killing spinors. 
The torsion form as well as the Riemannian Ricci tensor are given by the formulas 

T = _%3, Ri c 9 = l a 2 -g, Seal* = -a 2 , ||T|| 2 = -a 2 . 
6 8 8 " 11 36 

The torsion form of a nearly parallel G2-manifold is V-parallel (see ^U] , Corollary 4.9) 
and dT = 2<tt- The Casimir operator is given by 

a = <° 1/3 ) 2 -iS° 2 - 

The V-parallel spinor tpQ is the Riemannian Killing spinor and satisfies the equations 
(see QI1]) 

7 7 

D 9 ip = --aipQ, T-Tp = -ail) Q . 

8 o 

In particular, belongs to the kernel of the Casimir operator. Consider now an 
arbitrary spinor field ip in its kernel. Since the 3-form a; 3 acts in the spinor bundle with 
two eigenvalues —7 and +1, there are two possibilities. If 

nW = o, t-v = 7 -aip, 

we obtain in the compact case the equation 

^r-y [ U\\ 2 = I ll(^ + ^a)^H 2 . 
144 Jm 7 Jm 7 24 

Consequently, there exists an eigenvalue A G Spec(D 9 ) of the Riemannian Dirac oper- 
ator such that 

7 V 4 9 2 7 

AH 7 a) < — — a z , -a < A . 

24 y ~ 144 ' 8 ~ 1 1 

The latter conditions imply that 

A = a 

8 

and we are in the limiting case of the well-known estimate for the eigenvalues of the 
Riemannian Dirac operator (see |S]). The spinor field tp is a Riemannian Killing spinor, 
i.e., ip is V-parallel. In a similar way, we discuss the second possibility 

Sl(ij>) = 0, T-V = -\ai>. 

o 



Then we obtain the inequalities 



1 V , 49 2 7 



A a) < a 2 , -a < |A|. 

24 J ~ 144 ' 8 ~ 1 1 

and a solution A does not exist. Let us summarize the result: 



THE CASIMIR OPERATOR OF A CONNECTION WITH SKEW-SYMMETRIC TORSION 13 



Theorem 7.1. Let (M 7 , g,uj 3 ) be a compact, nearly parallel G2-manifold (da; 3 = — a- 
(*w 3 )) and denote by V its unique connection with skew- symmetric torsion. The kernel 
of the Casimir operator of the triple (M 7 ,g, V) coincides with the space of V -parallel 
spinors, 

Ker(ft) = : W = 0, T ■ t/j = -a ■ ip} = Ker(V). 

A cocalibrated G2-structure of type W3 in the Fernandez/Gray classification is charac- 
terized by the equations d * u> 3 = and (du 3 ,*u> 3 ) = (see j7j, (§]). The geometric 
data are ([H], H2J) 

T = - *duj 3 , Seal 9 = -^||T|| 2 , V-^o = 0, T ■ ipo = 0. 

In contrast to the nearly parallel case, cocalibrated G2-manifolds of type W3 do not 
satisfy the condition dT = 2<tt- The Casimir operator is given by the formula 

O = (D 1 / 3 ) 2 + - (dT - 2<7 T ) = A T + - (3dT - 2a T - 2||T|| 2 ) . 

Examples of G2-structures of type W3 on nilpotent Lie groups are discussed in the paper 
[TU] . on the Aloff-Wallach space N(l,l) in |2J. We recall these examples and compute 
the relevant endomorphisms; they show that no general pattern is to be expected for 
this class of manifolds. 

Example 7.1. There exists a G2-structure of type W3 on the product of M 1 by the 
Heisenberg group. In this case, we have ||T|| 2 = 4 and 

3dT-2a T = diag(8,0,8,-16,8,-16,8,0), dT-2a T = diag(0, 8,0, -8,0, -8,0,8). 

A second example on the product of M 1 by a 3-dimensional complex, solvable Lie group 
has been described in 10^, too. In both examples, 3dT — 2<tt — 2 ||T|| 2 is a non-positive 
endomorphism acting on spinors. Consequently, the Casimir operator is dominated by 
the spinorial Laplacian, 



W) , il>) < / (AtW,V>- 

M 7 JM 7 

Example 7.2. In 0, we constructed on the Aloff-Wallach space N(l, 1) = SU(3)/5 1 a 
family of metrics depending on a parameter < y < 1 as well as G2-structures of type 
W3 (see Proposition 8.8). In the notation of that paper, the spinor ^5 is the V-parallel 
spinor and algebraically the torsion form is given by 4 • T5 with 

T5 = — — — [X135 + Xl4 6 + X 2 45 — X 2 3g] H ^—^127 H 0^0^ [^347 ~ X 5e7 ]. 

4 y - 1 2y - 2 

Using the structure equations of the underlying geometry, we compute the exterior 
derivative, 

dT 5 = (2 + Ay) [X2357 + X 2 467 — -^1457 + X\wj] H y ^ — ^ 2 - ^ X 3456 

10 + 9y+lV + 5y3 

+ ( y _ 1)2 Y X 12M ~ Ai2 56 J- 

Inserting the matrices of the 7-dimensional spin representation, we compute the endo- 
morphism 3 (4CZT5) + (4 T5 ) 2 — 3 1 14 T5 1 1 2 . It turns out that this endomorphism has the 
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eigenvalues diag(a, a, b, b, 0, c, a, a), where c := 64(7 + lOy + y 2 ) > and 

72(2 + y + y 2 -y 3 + y*) 16(20 + 7y + 33y 2 + 13y 3 - y 4 ) 

a := apip <0 > b:= w^w > °- 

The endomorphism 4dT 5 - 2<7 4 t 5 = 4dT 5 + (4T 5 ) 2 - ||4T 5 || 2 has the eigenvalues 
diag(a*, a*, b* , b*,0, c*,a*,a*), where c* := 64(5 + 6y + y 2 ) > and 

, 24(-2 + y)(l + y) 2 16(4 -7y- Wy 2 + y 3 ) 
a := < 0, b : = - . 

i-y (y-i) 

Hence, does not compare in any way to (D 1 / 3 ) 2 or At; in particular, no statement 
about its kernel or positivity properties is possible. 

Let us finally consider arbitrary cocalibrated G2-structures. The following example 
on N(l, 1) is described in the paper including the computation of the canonical 
connection and its geometric data. Surprisingly, its behaviour is almost the opposite 
of that of Example 17.11 

Example 7.3. In Proposition 8.5, we constructed on N(l, 1) a cocalibrated G2- 
structure with some special symmetry property. Its torsion form is given by 4 • T 
with 

T = -— X135 + Xl46 — X245 + -X236]- 
D 

Using the structure equations of the underlying geometry we compute the exterior 
derivative, 

dT = — X2357 — X2AQ7 — XL457 + Xl367, 

and finally the endomorphism 

^9 i/ ™ , no 10 10 10 10 10 

-(4T,u; 3 ) 2 + -(12dT - 2a 4T - 2||4T|| 2 ) = diag( y , -, 0, 12, - 
In particular, the Casimir operator of this G2-structure is non-negative, 



> / (A T (^),V) > 0. 

JV(1,1) JN{1,1) 

and its kernel coincides with the space of V-parallel spinors. 

References 

[1] I. Agricola, Connections on naturally reductive spaces, their Dirac operator and homogeneous 

models in string theory, Comm. Math. Phys. 232 (2003), 535-563. 
[2] I. Agricola and Th. Friedrich, On the holonomy of connections with skew-symmetric torsion, 

math.dg/0305069 

[3] M. Berger, P. Gauduchon and E. Mazet, Le spectre d'une variete riemannienne, Lecture Notes 

in Mathematics 194, Springer 1971. 
[4] J. M. Bismut, A local index theorem for non-Kahlerian manifolds, Math. Ann. 284 (1989), 681- 

699. 

[5] C. Boyer and K. Galicki, Einstein manifolds and contact geometry, Proc. Amer. Math. Soc. 129 
(2001), 2419-2430. 

[6] F. M. Cabrera, M. D. Monar and A. F. Swann, Classification of G2 -structures, London Math. 
Soc. 53 (1996), 407-416. 

[7] M. Fernandez and A. Gray, Riemannian manifolds with structure group G2, Ann. Mat. Pura 
Appl. 132 (1982), 19-45. 

[8] Th. Friedrich, Der erste Eigenwert des Dirac Operators einer kompakten Riemannschen Man- 
nigfaltigkeit nichtnegativer Skalarkrummung, Math. Nachr. 97 (1980), 117-146. 



THE CASIMIR OPERATOR OF A CONNECTION WITH SKEW-SYMMETRIC TORSION 15 



[9] Th. Friedrich, On types of non-integrable geometries, Suppl. Rend. Circ. Mat. di Palermo Ser. 
II, 71 (2003), 99-113. 

[10] Th. Friedrich and S. Ivanov, Parallel spinors and connections with skew-symmetric torsion in 

string theory, Asian Journ. Math. 6 (2002), 303-336. 
[11] Th. Friedrich and S. Ivanov, Almost contact manifolds, connections with torsion and parallel 

spinors, J. Reine Angew. Math. 559 (2003), 217-236. 
[12] Th. Friedrich and S. Ivanov, Killing spinor equations in dimension 7 and geometry of integrable 

G 2 -manifolds, Journ. Geom. Phys. 48 (2003), 1-11. 
[13] Th. Friedrich and I. Kath, Einstein manifolds of dimension five with small eigenvalues of the 

Dirac operator, Journ. Diff. Geom. 19 (1989), 263-279. 
[14] Th. Friedrich, I. Kath, A. Moroianu and U. Semmelmann, On nearly parallel G2 -structures, 

Journ. Geom. Phys. 23 (1997), 259-286. 
[15] Th. Friedrich and E.C. Kim, The Einstein- Dirac equation on Riemannian spin manifolds, Journ. 

Geom. Phys. 33 (2000), 128-172. 
[16] A. Gray, The structure of nearly Kahler manifolds, Math. Ann. 223 (1976), 233-248. 
[17] B. Kostant, A cubic Dirac operator and the emergence of Euler number multiplets of represen- 
tations for equal rank subgroups, Duke Math. Journ. 100 (1999), 447-501. 
[18] A. Lichnerowicz, Spin manifolds, Killing spinors and universality of the Hijazi inequality, Lett. 

Math. Phys. 13 (1987), 331-344. 

agr icolaSmathemat ik . hu-berlin . de 
f riedric@mathemat ik . hu-berlin . de 

Institut fur Mathematik 
Humboldt-Universitat zu Berlin 
Sitz: WBC Adlershof 
D-10099 Berlin, Germany 



